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Virial coefficients of hard-sphere mixtures
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The fourth and fifth virial coefficients of binary hard-sphere mixtures have been calculated for size ratios
R=0.05 andR=o0,,/01;. The composition independent partial virial coefficients have been expressed in
terms of the Mayer diagrams. The corresponding modified star diagrams were evaluated by Monte Carlo
integration. The results are compared with predictions of the BodililChem. Phys53, 471 (1970] and
Mansooriet al. [J. Chem. Phys4, 1531(1971)] equation of state, and the excellent agreement gives strong
support to the validity of that equation of state for very asymmetric mixty&8063-651X98)09904-9

PACS numbdrs): 64.75+g, 05.70.Ce

[. INTRODUCTION that can be generated by permutating the labeling of the par-
ticles of the diagram each term of that representation of the
The thermodynamics of a fluid can be obtained from asum is called a star diagraf].
knowledge of the equation of state. One standard approach is For a binary mixture the virial expansion coefficients are
the virial expansion of the pressure in powers of the totaktill given by Eq.(1.3), but now each coefficier,, contains

number density1] p=N/V, several summands, weighted according to the number of
) . ways of distributing two molecular species on thpoints of
Z=1+B,p+B3p>+Bgp3+Bgpt+ - - -, (1.1)  the diagram, and the corresponding molar fraction of each

] o ] ] component, which can be defined for the comporieirt
whereZ=gP/p is the compressibility factorg is the in-  terms of its number density, = p; /p, as
verse temperature in units of the Boltzmann constant,Band

is thenth virial coefficient. For pairwise additive interaction n _ _

potential,u(r), wherer is the center of mass separation of Z X1X2 “'B(i,n—i), (1.9

the two particles, these coefficients can be defined in terms a

of Mayer f functions[2], whereB(i,n—i) is the summand which contributes to the
f(r)=exd — u(r)] -1, (1.2 nth virial coefficient whose diagrams contaiandn—i par-

ticles of components 1 and 2, respectiva®{n,0) denotes

the nth virial coefficient of a pure fluid with particles of

component 1. The partial coefficier¢i,j) are composition

(1 n independent, and can be evaluated through the corresponding
f j dr,drs . . Vi, (1.3  extension to binary systems of thvg, sum expressions.

The calculation of theB, and Bs coefficients in a pure
fluid requires the evaluation of three and ten different star
diagrams, respectively. For a mixture, the extra degree of
freedom introduced by the identity of the particles increases
the number of topologically different star diagrams. For ex-

V,= E H fi(r), (1.4  ample, the three equivalent four point ring star diagram of a
Sy i>] pure fluid lead to new diagrams and lower multiplicities in
the partial sumv(2,2) of a binary mixturg4]. The expres-
Wherefij iS thef functjon_)deﬁned betWeen part|C|e$ndJ Sions OfB5 of a binary mixture have been reportﬁ!_ Un-
of the cluster, ancd=|ri—rj|. The sumS, can be expressed fortunately, in the coloring process that followed, several
in diagram formg 1], for example in terms of the topologi- equivalent diagrams of coefficient(4,1) were drawn, for
cally different diagrams multiplied by their multiplicities instance those generated from diagrams VII and IX of
(i.e., the number of different sets of productsfofunctions  V(5,0) shown below in Fig. 1, and more important errors can
be observed in the diagrams ¥{3,2) [compare Fig. (c)
with Eq. (5) of Ref.[5]]. The main consequences of these
*Electronic address: ee@olivia.quim.ucm.es errors are only observed at small valuesRofProbably they
"Electronic address: noe@olivia.quim.ucm.es would not have been perceived if they did not produce the

and thenth virial coefficient can be expressggl] as

whereV, is the sum of all products df functions that dou-
bly connect then particles involved in the coefficient
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FIG. 1. The Mayer star diagrams contributing(# B(5,0), (b) B(4,1), and(c) B(3,2) of a binary mixture. Continuous lines denote an
fi; link, and the coefficient of the diagram is its topological multiplicity. Roman numbers label the diagram according[@®].Ref.
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following qualitative effects. By using the Bdrsk dia- tive, and the reported negative values are a consequence of
grams, Saija, Fiumara and Giaquiri®] calculated theBs;  the errors in the previoug(3,2) diagrams, which invalidate
coefficient for binary additive hard-sphere and hard-diskthe fluid inmiscibility of such hard sphere mixtures from the
mixtures, and observed that the partial coeffici&{B,2) perturbated EO$8]. According to the same argument it is
showed negative values fdR<0.4 and R<0.30, respec- hecessary to revise thgy coefficient for hard-disk mixtures
tively. Such a behavior is opposed to the predictions of theecently reported6]. In that stage we decided to recalculate
well established extension to hard sphere mixtures of th¢éhe B, andBs coefficients for binary hard-sphere mixtures in
Carnahan-Starling equation of state, the Boublik and Manthe asymmetry range 0.68R<0.9.

soori et al. equation of statéBMCSL EOS [7]. The nega-

tive values of theB(3,2) coefficient produce a _rgduction of Il. STAR DIAGRAMS
the pressure of the mixtures at certain compositions. Further,
given those unexpected results Cousseart and Busug- In Fig. 1 we show the topologically different graphs

gested a perturbative correction of the BMCSL EOS to acwhich contribute to the three distinctVs sums,
complish the Ref[6] values ofB, andBs, and showed how V(5,0), V(4,1), andV(3,2). The calculation of the corre-
such a correction produces fluid-fluid phase separation fosponding partial coefficients @5 requires the evaluation of
binary mixtures of additive hard spheres wi+=0.15 and 10, 22, and 37 star diagrams, respectively. In order to reduce
1 . Now, we know thatBs in such mixtures is always posi- both the computational effort required to evaluate the Mayer
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FIG. 2. The modified star diagrams of type | of tBg coeffi-
cient, for the three partial sumé(4,0), V(3,1), andV(2,2) of a A % (b)
binary mixture. Dashed lines denote ﬁﬂ link, and no drawing V (50)= 12 Q\;}_j +10 oo
means arfj; link. o ° °
o Mo R 9 O ©
expressions and numerical errors, we have extended to mix- B S e
tures the expressions &f, based in the modified star dia-
gram sumsS,,, of pure fluids developed by Ree and Hoover .
[3]. The key point of that approach is the dominant effect of | ¢ % o oo o=
the complete star diagram over the rest of the modified dia- o -0 o-0 -0
grams, which represent small contributions to the total value ‘/Q\b d/‘\b d/‘\b
of the coefficient. We defin@ij =f;j+1, and introduce that P IRl
function for every pair of particles no directly connected by a . o . °© o 0.
fi; link through the identity L—Tij—f” . Each diagram with +9 ?o 4 %%y 4 b,
pairs of points not directly connected generates new dia-
grams with two kinds of linksf;; and'ﬂj lines. For a pure a N
fluid the three and ten topologically different types of star V2= 6 « .6 c{’ \p
diagrams which defing, andS; are reduced to two and five o -0 L
. L g ~ ~ . joy L
different types of modified starS, and S;, respectively{3]. .3 e 5 ¥ o
For a binary mixture, we only need to introduce the molecu- 0—0 *-© P,
lar label of the particles, and to consider how the topological ‘,A\O ‘,R\‘ ‘,Rb d,&b A
multiplicity of each diagram is reduced. For example, if we -12 -6 -2 -12 6% °
. | . o--0 0---0 *-0 -0 *~-o
introduce two particles of a second component on the incom- o ° ° o
plete modified graph of a pure fluid4,0), we observe that 8% P.o® P.g® P g® ©
such a diagram is decoupled into two new diagran{2,2) 6 ¢ o ¢ o o

andl »(2,2) with multiplicities 2 and 1, respective(gee Fig.
2). Of course, by introducing th’é'”. link in the partial\74 __FIG_. 3. The modified star diagrams (_:o_ntributing tq the compo-
sums[Fig. 3a@)], we recover the expressions of tBg coef-  Sition independenta) B, ang(b) Bs coefficients of a binary mix-
ficients based on the Mayer star diagrafd$. The same ture. Dashed lines denote dry link, and no drawing means &y
procedure has been followed for obtaining the modified stalink.
diagrams of the partia¥s [Fig. 3(b)]. , _ , , ,
potentials. The first two star diagrams, which define Bie
lIl. MONTE CARLO CALCULATIONS andB; coefficients, have been obtained analyticfll§]. For
the rest we can consider the Monte Carlo metf®jdwhich
The numerical task involved in the evaluation of the dia-performs the numerical integration of a diagram indirecﬂy,
grams which defin& , is reduced considerably for hard core by using the known value of the chain diagram with the same

TABLE I. Partial B, virial coefficients of binary mixtures of hard spheres with different diameter ratios
R. The coefficients are reduced in terms of the pow%f. g denotes the number of independent batches,
each of which containbl; millions of trials. B(4,0)=2.636[1].

Byoi, a/N, B(4,0) B(3,1) B(2,2) B(1,3)

0.05 60/0.04 2.6@) 0.554(5)x 1071 0.431(5)x10°* 0.179(3)x 1077
0.2 80/0.04 2.68) 0.1591) 0.434(2)x 102 0.849(4)x 104
0.2[12] - - 0.15894) 0.4331(5)x 1072 0.8480(5)x 104
0.6 67/0.05 2.6Q) 0.8896) 0.2872) 0.892(4)x 1071
0.6[4] - 0.9129) 0.28073) 0.891(9)x10°*

0.8503 80/0.032 2.63) 1.851) 1.281) 0.8894)
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TABLE II. Partial Bs virial coefficients of binary mixtures of hard spheres with different diameter ratios
R. The coefficients are reduced in terms of the powdr. Other symbols have the same meaning as in Table
I. B(5,0)=2.121[11].

Bsoy 2 a/N,  B(5,0) B(4,1) B(3,2) B(2,3) B(1,4)

0.05 60/0.80 2.18) 0.266(3)}X10°! 0.195(2)x10°%  0.79(1)x10°8 0.224(3x 10 **

0.2 80/0.6 2.1®@) 0.958(6)X10° ! 0.234(1)x10°2 0.426(2)x10°* 0.648(4)x10°°

0.2[6] - - 0.96(3)x10°! —0.240(2)x10° % 0.173(4)X10°° 0.64(2)<10°©

0.6 67/1.6 2.1(®) 0.6496) 0.1992) 0.583(4)x10° ! 0.166(2)x107*

0.6[5] - - 0.652) 0.1954) 0.59(3)x10°!  0.18(2)x10°*!

0.8503  80/0.8 2.1@) 1.441) 0.9924) 0.6703) 0.4492)
number of particles, calculated from the part coeffi-  Bg show discrepancies with R¢B]'s values at low values of
cients[3] R. We have included in Table Il the values reported by

Borgnik for R=0.6[13], the differences are in between the

error bar of the numerical integrations. For smaller values of
(3.1 R, we observe the consequences of using Bigliagrams,
mainly in theB(3,2) andB(2,3) coefficients. Our calcula-
tions show positive values in all partial coefficients for all
values ofR considered in this work. In Figd a comparison
%etween the calculated coefficients and predictions from the

points are randomly positioned in the sphere with radiu .
(oi+ 0y, 1)/2 centered at the preceding point. Then we coundxgissl‘eiges”;tsmwn' The agreement between both sets of

the number of times that the resultant chain conforms the
modified star diagrams. After a large number of trials, one
obtains an estimation of the diagram value through the rela-
tion given by

—1n—-1
41 n-1 O-i+0-i+l 8
len=

3 .Hl 2

A chain configuration is obtained, by placing particle 1 of a
diagram at the origin of coordinates, and the remainin

_ n I cnNe

I=(—21)" N, (3.2
wheren; is the number of bonds in the diagramy. is the
number of occurrences of the diagram, ahdhe number of
trials, or generated chains. In a trial we generate a chain for
every combination of particle identities. We have performed
four different runs, with 20 batches each-efL0* chain con-
figurations of four particles; each four point chain is used to
generate~ 30 five point chaingsee Tables | and Il for de-

tails). We have estimated the error bars as usual in previous ' X
studies[3],
o T T T T
q 1/2 1H (b) 4
2, [BL(i,) =BG,
error B(i,j)=2 aa=1) , (3.3 0.8
") 0.05
whereB ,(i,]) is the average of thg batch,q is the total ~ 06 -
number of batches, ari(i,j) is the final average. The dia- @
grams with higher degrees of polydispersity showed smaller osl i
error bars, since they have a much larger chance to be gen-
erated. In any case, the values accepted in the literature for
the pure componeni8,11] provided an additional test of the 02 08 .
accuracy of our results. L L I
0 02 04 06 08 1

X‘l
IV. RESULTS
FIG. 4. (a) B, and (b) B virial coefficients plotted in reduced
We present the Monte Carl®1C) results for the compo-  units of theB, coefficient as a function of the large sphere mole
sition independent coefficients 8 andBs in Tables | and  fraction, x,. Circles are the predictions of the BMCSL EQRef.
I, respectively. The partiaB, agree with the values reported [7]). The upper plot shows the results fr=0.05, and the lower
[12] from evaluation of the Mayer star diagrams. The partialone that forR=0.6.
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V. CONCLUSIONS proaches can support the results reported here, and the MC
calculations of compressibility factor of mixtures with

We have obtained Mayer star diagrams which define th —0.2 at low molar fractions of the large componéh].

composition independei®; coefficients of a binary mixture.
Also we extended the modified star formalism of Ree and
Hoover[3] to binary mixtures, offering a convenient way for
numerical evaluation oB, and Bg coefficients. The results
show positive values of all parti@s of hard sphere mixtures The authors acknowledge the financial support of DGXII/
for R=0.05. The BMCSL EOS is a good description of the EEC, Contract Nos. CHRX-CT-93-0092/130 and ./1B0, and
thermodynamic properties of highly asymmetric additiveGrant No. PB95-0072-C03-02 of DGICYT/Spain. We thank
hard-sphere mixtures. Recent theoretical schefhdshave  Dr. C. Vega, Dr. J. A. Cuesta, and Dr. C. Caccamo for stimu-
observed composition instabilities in hard-sphere mixturedating discussions, and Dr. P. V. Giaquinta and Dr. R. J.
with R~0.3, which were explained as a sign of fluid-fluid Wheatley for the correspondance about the problem solved
phase separation. It would be interesting to test if such apin this paper.
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